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The eany-ume evolution of pldsmdb movmg across a Dd.u&gluuuu magucub field is addressed
with a two-dimensional model in which a plasma cloud is assumed to have formed
instantaneously with a velocity across a uniform background magnetic field and with a
Gaussian density profile in the two dimensions perpendicular to the direction of motion.

This model treats both the dynamics associated with the formation of a polarization field and
the generation and propagation of electromagnetic waves. In general, the results indicate '
that, to zeroth order, the plasma cloud behaves like a large dipole antenna oriented in the
direction of the polarization field which oscillates at frequencies defined by the normal

mode of the system. The magnitude of the radiation field and the amount of plasma momentum
and energy carried away by and stored instantaneously in the fields are discussed only
_qualitatively in this paper, quantitative results for specific cloud parameters and scaling laws
for the magnitude of the fields and the slowing down of the plasma cloud are presented

in a companion manuscript.

I. INTRODUCTION

Examples of plasmas moving across magnetic fields
can be found in laboratory experiments, active experiments
in space, numerical simulations, and natural phenomena
occurring in space plasmas and astrophysical plasmas. The
expansion and convection of the energetic plasmas pro-
duced by high-altitude nuclear explosions (HANE’s),! the
motion of plasma clouds released in the ionosphere and
magnetosphere across the geomagnetic field, the ionized
portion of rocket exhausts in the space environment, the
orbital motion of plasmas produced by volcanic activity on
the satellites of planets through the planetary magnetic
fields (e.g., Io-Jupiter and Titan-Saturn systems), the
eruption of magnetic loops and prominences in the solar
corona, the motion of coronal ejecta through the solar
magnetic field, the solar wind, the formation of auroral
arcs, and the motion of galactic jets through the interga-
lactic magnetic field represent only a small subset of such
phenomena. In addition, energetic plasmas that convect
across an applied magnetic field are often produced in the
laboratory by irradiating targets with intense laser pulses.
These laser-produced plasmas can simulate conditions
found in high-altitude nuclear explosions as well as less
energetic phenomena associated with active experiments in
space. The magnetic confinement of plasmas in fusion de-
vices also often involves the cross-field motion of energetic
plasmas.

The problem of modeling plasmas moving across mag-
netic field lines can be formulated in terms of five basic
stages of evolution; namely, (1) plasma production, (2)
plasma polarization and microscopic dynamics, (3) cross-
field motion, (4) coupling to the background plasma and
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magnetic field, and (5) late-time plasma cloud dynamics.
While the physical processes inherent to these various
stages overlap in time, this partitioning provides an initial
framework from which the intrinsic dynamical and mor-
phological properties of cross-field plasma motion can be
studied. Although many aspects of this problem have been
addressed to varying degrees, no comprehensive model ex-
ists and indeed the transition from the early-time micro-
scopic dynamics [encompassing stages (1)-(3)] to the
late-time macroscopic evolution of the plasma [encompass-
ing stages (3)—(5)] is poorly understood. In particular,
while the radiative properties of the plasma have been
characterized for time scales long compared to an ion gy-
roperiod  (e.g., the Alfvén-wing model), the high-
frequency, short-wavelength electromagnetic radiation
emitted during the initial phases of polarization and the
formation of charge layers has not been studied.

The late-time (£> 100 ion gyroperiods) plasma cloud
dynamics and coupling to the background plasma and geo-
magnetic fields are subjects that have received considerable
attention over the last two decades.>® The well-known
Alfvén-wing model describes the cross-field motion and
coupling to the background plasma and magnetic field and
has been applied successfully to several phenomena 1n the
solar system, mcludmg barium-cloud dynamlcs 6 o
Jupiter- couplmg, auroral-arc  formation,” 1° and
magnetosphenc—lonosphenc coupling.*!! In contrast, the
early-time (#<100 ion gyroperiods) dynamics has been
investigated numerically only recently with both
particle!>'® and hybrid!® simulations (references therein).
One of the inherent limitations of these -electro-
static/electromagnetic numerical methods is their inability
to manage large spatial and temporal domains. The neces-
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sity to resolve the individual particle motion over spatial
scales less than a Debye length/ion gyroradius and times
less than a pnasma periOu/ gyrapeﬁeu severexy‘ limits the
spatial dimension and temporal extent that can be mod-
eled. In addition, the density gradients are intrinsically
large and can dominate the plasma dynamics observed in
these simulations. A recent paper’”® describes two-
dimensional hybrid simulations of ion beam propagation in
a magnetoplasma. The evolution of beam density profiles is
studied in the limit of high, dynamic plasma beta for beam
dimensions much larger than an ion gyroradius, however,
electron inertial effects are ignored and the early-time for-
mation of the polarization field and the concomitant radi-

ation field is not examined. A similar comment can be

ment can he

made regarding the large Larmor radius model developed
by Hassam and Huba?! and applied by Huba ez 2% to the
study of Rayleigh-Taylor-type instabilities that, in their
opinion, describes the structure observed in the AMPTE
magnetotail releases. Magnetohydrodynamic (MHD) cal-
culations of cloud dynamics'*>% can alleviate some of the
spatial and temporal restrictions imposed by parti-
cle/hybrid simulations, however, the low-frequency ap-
proximation does not allow for the evaluation of the early-
time electrostatic and radiation dynamics. An intermediate
fully electromagnetic model is needed to bridge the gap
between the early-time particle simulations and the late-
time MHD calculations.

In this paper, a two-dimensional analytic solution of
the coupled fluid and Maxwell’s equations that allows for
the description of the early-time dynamics associated with
the formation of the polarization field and subsequent elec-
tromagnetic radiation is developed. A Fourier transform
taken in one spatial dimension and a Laplace iransform of
these equations yield a set of integrodifferential equations
for the electromagnetic fields. This set of equations is
solved analytically and an inverse Laplace transform is
then performed numerically, With this treatment it is pos-
sible to address the large spatial and temporal dimensions
inherent to astrophysical and space plasmas, however, the
nonlinear dynamics and large gradients associaied with
some laboratory experiments are not modeled. The early-
time development of the polarization fields and the subse-
quent electromagnetic radiation are observed and the tran-
sition from early to late times is obtained.

This paper is intended to be the first in a series and will
address only the method of analysis and a zeroth-order
analytic solution. A second companion paper (Paper II)
describes the results for a particular parameter regime in
some detail. In Paper II, we demonstrate quantitatively
that, in the presence of radiation damping, the polarization
field does not achieve a steady-state value and that the
radiation field can carry away a substantial amount of the
plasma cloud’s momentum and kinetic energy on time
scales of the order of the ion gyroperiod, depending on the
plasma dimensions. The radiation spectrum obtained in
Paper II consists of a burst of chirped, high-frequency (in
the range of the cloud plasma frequencies) waves, followed
by a pulse of whistler waves, and subsequently by ion cy-
clotron emission. Scaling laws are derived for the plasma
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momentum and energy loss rates and predictions for the
braking time, the amplitude and spectrum of the radiation
field, and the total radiated power are presented for con-
ditions relevant to the recent CRRES chemical release ex-
periments performed in the magnetosphere. Subsequent
papers will incorporate additional complexity in the model
including the effects of a background plasma and momen-
tum and energy source terms. As suggested above, the
method of analysis described in this paper can potentially
be applied to many problems in space physics and astro-
physics. In the case of active experiments, we are particu-
larly interested in studying the overall braking of plasma
clouds resulting from the momentum that is radiated away
and the differential braking of the clouds that leads to a
shearing off of charge layers and to the corresponding de-
velopment of plasma density structures on a macroscopic
scale. In addition, the spectral signature and magnitude of
the radiated fields are potential diagnostics for remote sens-
ing of plasmoids released in the Earth’s atmosphere at high
altitudes.

We begin in Sec. IT of this paper with the development
of our working set of equations. The fluid equations are
linearized and the spatial and temporal ordering of the
theory is discussed. Constitutive relations for the plasma
currents are obtained from a Laplace transform of the fiuid
equations. Maxwell’s equations are Fourier transformed in
one spatial dimension, a Laplace transform is performed,
and the constitutive relations are incorporated to yield a set
of coupled integrodifferential equations for the electromag-
netic fields. The equations for the conservation of field and
plasma momentum and energy are developed and are lin-
earized, In Sec. III, the general solution is obtained and the
normal modes of the system are discussed, while in Sec. IV,
we summarize the results.

il. THEORY

The primary goal of this analysis is to quantify the
early-time ( < 100 ion gyroperiods) radiative properties of
a plasma moving across a background magnetic field. In
our model, the plasma is composed of electrons of mass m,
and charge ¢, and ions of mass m; and charge ¢, As a first
step, we choose to simplify the treatment of the plasma
while retaining as much detail as possible in the mathemat-
ical model adopted for the generation and propagation of
electromagnetic waves. Thus the electrons (ions) are as-
sumed to have a Maxwellian velocity distribution function
characterized, in general, by a density, n,.(#;), mean veloc-
ity, v.(%;), and temperature T,(T,). The geometry and
initial conditions adopted for this problem are shown in
Fig. 1. The plasma is assumed to be quasineuiral and to
have formed instantaneously with a velocity ¥V, in the y
direction across a uniform background magnetic field with
magnitude By in the z direction. The VX B, component of
the Lorentz force causes the plasma to polarize in the x
direction, resulting in a polarization field as shown in Fig.
1. The initial plasma density profile is taken to be Gaussian
in the x and z directions with 1/e half-widths of D and d,
respectively, and a peak density in the center of the cloud
of magnitude ny. In the p direction, the plasma is assumed
to be infinite in extent. As a result, no E, polarization field

R. Roussel-Dupré and R. H. Miller 1280

Downloaded 05 Jun 2007 to 128.165.92.125. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



I

/
/7.

INITIAL CONDITIONS

Electron Density: ne (t=0,x,z) = ng e - x/0’e - 2"

fon Density: nj (t=0,x,z) = ne (t=0,x,z)
Electron Velocity: ve (1=0) = Vo ¥

lon Velocity: Vi (t=0) = ye (t=0)
Electron Temperature: Te =0

fon Temperature: Ti=0

Electric Field: CE(t=0)=0

Magnetic Field: B(t=0)=Bpz2

FIG. 1. The geometry adopted for this problem is shown in the top panel.
The plasma cloud is assumed to be infinite in the p direction and to have
formed instantaneously with a velocity ¥, across a uniform magnetic
field, B, in the z direction. A polarization field forms initially predomi-
nantly in the x direction as shown. The initial conditions are listed in the
bottom panel. Note that the initial plasma density profile is Gaussian in
both x and z. .

can develop and only inductive fields exist in this direction.
The fluid equations needed to quantify the subsequent

evolution of the plasma are presented in Sec. II A. These
equations are coupled to Maxwell’s equations, given in Sec.
II B, through the plasma currents. The constitutive rela-
tions obtained from the fluid equations are used to derive a
single set of equations for the electromagnetic fields. Fur-
ther approximations appropriate for the short temporal
and large spatial scales of interest are discussed below. The
exchange of momentum and energy between the plasma
and the electromagnetic fields is treated in Sec. II C.

A. Fluid equations of motion

The fluid equations for a Maxwellian plasma are given
by

d
Enj+V°njvj=R, (1)

3 vaB
(52+ (vj-V))mjnjvj=anj(E+———c—-—) —~Vp;

— % njm jx(V;~Vi) +m;R¥ o,
(2)
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9 T,
é}'i‘(Vj'V) uj—i-imjnjvj

vaB
=_V'(pjvj)+anj(E+ z )'Vj

1 1
- % vjk(—i mjnjv§—§ mknkv%c+uj—uk) +Ruy, (3)

where the subscript j refers to the jth particle species
(electrons or ions), the subscript k includes a background
plasma and neutral particles, R is the rate per unit volume
at which plasma is produced (e.g., by photoionization of
neutrals), 7;, v; and u; are the jth particle density, mean
velocity, and thermal energy density, respectively, p; is the
Jjth particle partial pressure, v is the collision frequency
between jth and kth particle species, g;(E4v;XB/c) is
the Lorentz force associated with self-consistent electric
(E) and magnetic (B) fields, and we have allowed for the
production of particle momentum (;Rv;) and thermal
energy (Rug). For a Maxwellian velocity distribution func-
tion, the jth particle partial pressure and thermal energy
density are defined as n;kgT; and 3n;kgT ;/2, with T
equal to a temperature and kg equal to Boltzmann’s con-
stant.

In order to identify the dominant terms in these equa-
tions for the temporal and spatial scales of interest, we
introduce the following scaling parameters:

L =spatial dimension of the plasma (=d or D),

V,=initial plasma velocity across the background

magnetic field,

By=background magnetic field strength,

Ey=VyBy/c, the polarization electric field necessary to

allow the plasma to drift across the ambient mag-
netic field,

T=mg/q;B, an ion gyroperiod, ‘

no=the initial plasma density in the center of the

cloud,
W jo=nom jV(z)/Z, the initial kinetic energy density of
the jth particle species.

Normalizing the spatial coordinate, plasma velocities,
magnetic field, electric field, temporal coordinate, plasma
densities, and jth particle pressure and thermal energy to
the above quantities, respectively, yields the following non-
dimensional equations:

A R o«

T Vonvi=TR, (4)
3 Pi VJXB Pi 1
(&+E(Vf"’>)Vf-"'ﬂf(E+ )T

—T% vir(V;—Vg)
v.
+TR(0¢:—v,-), (5)
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3
57 +2 TV V)T ;=

a TV Vj'—’rz 'V_]k

3L

X (T;—T3) +TR(To—T)),

(6)

where we have adopted the notation in Eq. (1) through
Eq. (3) for the nondimensional variables, p; is an ion gy-
roradius (= V) and Q; is the jth particle gyrofrequency
Note that the spatial derivatives have a scaling given by the
ratio of the ion gyroradius to the overall dimension of the
plasma and that the collisional interaction and production
terms scale as the rate divided by the ion gyrofrequency.
As a first approximation, we will assume that p/L<«l,
TR <1, and v;;7<1, yielding the simplified set of fluid equa-
tions given by,

a

Enj=07 (7)
a—th=TQj( c ), (8)
= T;=0. (9)

Thus, for large-scale plasmas, the dynamics of cross-field
plasma motion is dominated by the interaction of the ra-
diation field with the plasma via the Lorentz force. If we
further assume that the induced magnetic fields are small
in magnitude compared to the background magnetic field,
it is possible to linearize the momentum equation [Eq. (8)]
with the result

(10)

=ﬁ(E+2:_B_o),

d
=V
atl m;
where we have reverted back to the dimensional form of
the equations. This approximation is valid in the non-
relativistic limit and, provided that the initial plasma ki-
netic energy density is small, compared to the background
magnetic field energy density li.e.,
B=A4mw(nm,+nm;) Vs/ Bi<1]. If the latter condition were
not met, than the plasma would be able to create large
corrections to the ambient field as is obtained in the for-
mation of diamagnetic cavities.

The constitutive relations for the plasma currents can
be derived by taking the Laplace transform of Eq. (10) for
the electrons and ions and combining the resulting equa-

tions with the expression for the current
(J=ngyv;+ng.yv,) with the result

~ ~ Op VoBo Oy VQBO o

J=0 E+s . x—s _— (11)

where s is the Laplace transform variable, o is a tensor
given by
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o=|—0y Op (4] J (12)
0 0 O'”
and op, oy, andoy are defined as
n(t=0)e? 5 W Wce (13)
T, o\ (Proh) | (el ) ‘
n,(t=0)e* 1 o’ ok, (14)
HET Do (32+a>c,) (P+wl,) )
n(t=0)e* (14 m/m,)
o) = . p ) (15)

where o, @, equal to the ion and electron gyrofrequen-
cies, respectively. Equation (12) is the inertial equivalent
of the conductivity tensor found in collision-dominated
transport theory. The quantities op, oy, and o corre-
spond to the Pedersen, Hall, and parallel conductivities
derived for a plasma in a magnetic field with the inertial
parameter s (the Laplace transform variable) replacing the
usual collision rate. Equation (11) for the currents is in
dimensional form and contains terms proportional to
VoBy/c. As the plasma attempts to move across the mag-
netic field, inertial separation of the electrons and ions oc-
curs and produces an oscillating polarization electric field.
The corresponding oscillating currents represented by the
two terms proportional to VyBy/¢ in Eq. (11) enter Max-
well’s equations as source terms that drive the production
of electromagnetic radiation.

B. Maxwell’s equations

The self-consistent evolution of the electromagnetic
fields is obtained from Maxwell’s equations, which can be
combined to yield a single-vector equation for the electric
fields; namely,

—;;-— AV EA+V(VAE) = —47 — ad

at (16)

Given that the plasma is infinite in the p direction (d/dy
=0) and taking the Laplace transform and Fourier trans-
form in x, Eq. (16) can be written

d2 Ek k

SEE—¢? —22——lk(.‘2 —~L=_d4gsT, (17)
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2 gk

d'E; - '
(sz+czk2)Ek —C =“——3r-———-4-‘2TS.7c . v (18)

dE*

(Sz-i-czkz)Ek—-—lk __d_x
Performing the same transforms on the vector components
of Faraday’s equation yields

—darsJ¥, (19)

., dEf ,
sB —C'—d—z' ’ (20)
ok Tk dEk
sBy=c zkE = ) (21)
sBE=—ikeEY, (22)

where k is the x-Fourier transform variable, where the
superscript k designates a Fourier transform, and where we
have taken the initial value and initial temporal derivative
equal to zero for all field quantities over all space. The
transformed currents involve a convolution between the
initial density profiles and the electric fields, given by

~ L JU n* VB
J"=(E.f dk’ n*F—*EF L3, — "c"x
n* VoBy \
— g ) L (23). .

where 2 represents normalized conductivities [E o/n(t

=0,x,z)] and nk(z) is the Founer transform of the initial

plasma density; namely,

n*(2) = 7 De—’z/dzn;e‘kzbz/"’,, 7‘ . (24)

Equations (17)—(19) together with Eq. (23) form a cou-
plet set of integrodifferential equations in k and z for the
three electric field components. The magnetic field compo-
nents are found from Egs. (20)—(22) given a solution for
the electric fields while the plasma velocities can be derived
from the constitutive relations. The plasma density is con-
stant in time to zeroth order in the parameter py/ L. How-
ever, it is possible to compute the magnitude of the density
perturbations associated with the formation of charge lay-
ers from a linearization of Eq. (4), including the spatial
derivative term; namely, - o

a
at
Thus the plasma density perturbation is of order (p,/L)

times the initial plasma density. The method of analysis for
solving these equations is discussed below.

Pi
njz—TV-nj(t=0)vj. (25)

C. Total momentum and energy conservation
Having assumed a collisionless plasma, that the inter-
action of the jetting plasma with any existing background
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plasma is negligible, and that the rate of momentum and
energy production can be neglected over the short time
scales of interest, it is evident that the total momentum and
energy stored in the electromagnetic fields and the jetting
plasma over all space must remain constant for all time.
Thus momentum and energy are exchanged with time be-
tween the plasma and the fields, as defined quantitatively
by the equations :

3
5 (P+Py)=—V-Py+V:-M, (26

a
é-t(w+wf)=——v-wv“—=V'S, (27)&

where P (=nmy;+n,my,) is the momentum density in
the plasma, P, (=EXB/4xc) is the momentum density
stored in the fields, v[=(n,~m,-v1—|-nemeve)/ (n;+n,)] is the
mean velocity of the plasma, M g{=[E,Eg+ B,Bg
— (ElBZ)SaB/Z]Mﬂ'} is the Maxwell stress tensor, w
(=nmp?/2+n,mp2/2) is the plasma kinetic energy den-
sity, w f{ (E?+ B*)/87] is the wave energy density, and
S[= C(EXB)/4’IT] is the Poynting flux. In nondimensional
form, Eqgs. (26) and (27) become

g Pi Pi
a pPi Pi
é—i(wf;uf)——-—zv-wv—zv-s, (29)

where the plasma and field quantities are normalized as

before. To zeroth order in p;/ L, it is possible to neglect the

divergence of the plasma momentum and energy fluxes.

However, the Maxwell stress tensor and the Poynting flux

both contain terins of order ¢2/ V3 times B/ B, so that the

divergence of the field momentum and energy fluxes can-

not be neglected. Thus, to zeroth order in p,/ L, Egs. (28) -
and (29) become

a pi
5 (PP =TV-M, (30)

3 Pi

It is interesting to note that, in the presence of a strong
background magnetic field, electromagnetic radiation car-
ries away a much larger fraction of the plasma momentum
density than energy density. This effect is depicted in Fig.
2. While the electromagnetic radiation launiched along the
background field by the plasma has an energy density pro-
portional to E;X B,, the y-momentum density is propor-
tional to E,X By. Given that B, is large compared to B,
the relative proportion of momentum density carried by
the electromagnetic wave can be significantly larger than .
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FIG. 2. The radiation field (E,B) launched by a plasma slab moving
across a uniform background magnetic field By is depicted schematically.
The wave propagates along the field with Poynting vector S as shown and
carries y-momentum density proportional to E, X By. The energy density
carried by the wave is proportional to E, X B,. The reflected wave (E,,B,)
produced in the presence of a conducting boundary is shown propagating
back toward the plasma cloud. This wave carries negative momentum
which acis to slow the plasma cloud.

the corresponding energy density. Figure 2 also illustrates
what happens when a reflecting boundary is present. In the
case of a perfectly conducting boundary, the reflected fields
are equal in magnitude to the incident fields and twice the
incident y momentum is given up to the reflecting medivm
while the reflected wave carries negative y momentum back
to the plasma cloud causing it to slow. This effect can be
important for both laboratory and space experiments and
has been discussed previously in the context of low-
frequency waves (Alfvén-wing model).>®

1. SOLUTION
A. Ansatz

Two factors enter into the development of an analyti-
cal solution to Egs. (17)—(19). The first is associated with
the large physical dimensions of the plasmas of interest
relative to the short-wavelength electromagnetic waves
that are launched during the early phases of evolution of
the plasma. This consideration together with the fact that
oscillating currents are set up primarily in a direction per-
pendicular to the magnetic field leads us to seek a solution
that allows for wave propagation predominantly along the
magnetic field. In this limit, the plasma appears to be a
large radiating dipole antenna oriented perpendicular to
both the magnetic field and the direction of motion. The
second factor pertains to the Fourier transform [Eq. (23)]
of the currents. The Gaussian weighting term in the con-
volution integrals suggests an expansion for the electric
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field components in terms of Hermite polynomials that
form a complete orthogonal set over the interval A= — o
to o and satisfy the orthogonality relation

dk H,(k)H(k)e= ¥ =2"7 V218,

—

(32)

where H,(k) is a Hermite polynomial of order n. Hermite
polynomials, described in Abramowitz and Stegun® (p.

773), have increasing magnitude at large k with increasing
order. Their limiting value for large k is given by

0866572272, (33)

while the generating function for these polynomials is writ-
ten

n

d
Hy(k)=(—1)"e¥ — =¥,

iz (34)

with, for example, the results Hy(k)=1 and H;(k) =2k.

These factors lead us to propose an ansatz for the elec-
tric fields that includes an expansion in terms of a finite
number N of Hermite polynomials and that allows for
wave propagation predominantly in the z direction. Fur-
ther, we anticipate that our system of equations will define
a finite number of wave modes that propagate in the z
direction and that the eigenvalues for these modes will be
related to the wave numbers in the z direction of the waves.
The associated eigenvectors, in turn, will define the relative
magnitude of the Hermite polynomial terms for the given
wave mode and for each coordinate component of the field.
With these considerations and given that the total number
of wave modes for a given order of approximation N is
2N +2 (determined a posteriori), the ansatz for the fields
can be written

— S g (KDY
= X e "‘H,,(T) B(s,2), (35)
n=0
2N +1 o
EH(S,Z)‘—— z em(s:z)[am(ssz)eifokz”dz”
m=0
Fb(sz)e= ISk dz" ], (36)

where k' is the wave number (eigenvalue) of the mth
normal mode and e,, is the corresponding eigenvector,
which, together with Eg, possesses the general form
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(37)

S =X

Leyd
and a,, and b,, are unknown coefficients that depend, in
general, on s and z and that define the relative contribution
of the mth mode to the amplitude of the fields.

Because the Hermite polynomial is such that higher-
order terms have increasing amplitude with increasing k,
we anticipate that the expansion (35) will include addi-
tional effects associated with smaller and smaller scale

XX XX Xy Xy
Ao ov Ao Aoy

xx X ooaxp L L . g9
NO v AN Ay

yx Py o4 o4
Ao Aoy Ado Aon

A=

Ao ANy AR ARy
= zx 4 7y
Ao ov . Ado Aow

z zx zy zy
= Ao Any  Awo Axy
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structures in the x direction as the order of the expansion
increases. The accuracy of the results for a given order will
therefore depend on the degree to which small-scale struc-
tures are important and modeled to that order as the
plasma cloud and radiation field evolve in time.

B. Green’s function solution

We proceed by substituting the ansatz Eq. (35) into
Egs. (17)—-(19) and assume that the dimension of the
plasma clouds of interest are much larger than the vacuum
wavelength or the dielectric wavelength of the radiation
emitted at early times. This assumption is equivalent to
that of geometrical optics24 and allows us to ignore terms
that involve derivatives of the coefficients with respect to z
relative ~ to  the time-derivative - terms  (e.g.,
d’a,/d*/a,,£5*/c*) and/or dielectric terms (e.g.,
d’a,,/d?*/a,,<K>). In addition, we dot (the dot product
operation is defined in the Appendix) the resulting equa-
tions with a Hermite polynomial of the order /, invoking
the orthogonality condition Eq. (32) whenever possible.
The net result is an equation of the form

(AK2+Bk,+C) -a=S, (38)

where A, B, and C are matrices whose elements, derived in
the Appendix are functions of s and z, a is a vector com-
posed of unknown Hermite polynomial coefficients, and S
is a vector containing the source term that has also been
dotted with H,(kD/2). The matrices take on the form,

a5 AR
A% - Awy
Ago Aby
) (39)
4B Ay
Ao Apy
21\70 AﬁN'
R. Roussel-Dupré and R. H. Miller 1205

Downloaded 05 Jun 2007 to 128.165.92.125. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



where we have adopted a notation for the matrix elements
such that the left superscript refers to the x, y, or z equa-
tions [i.e., Eqgs. (17), (18), or (19), respectively], the right
superscript refers to the x, y, or z component of the field on
which the matrix is operating, the left subscript corre-
sponds to the /th Hermite polynomial with which the equa-
tions were dotted, and the right superscript corresponds to
the particular Hermite polynomial component of the field.
Any element of the matrix can be represented in index
notation as A%, where the superscripts given as Greek
letters indicate the particular wave equation or coordinate
as described above and the subscripts are taken to be Ar-
abic letters and denote the order of the Hermite polyno-
mial components of the fields or dotted into the equations.
The vectors a and S both take on a form similar to the
eigenvectors defined above; namely,

a

& D

(40)

& X

-afv-

ArnysZpO(kk’'y  dmngsZHO(kk') 0

Ly=| —47nesZyO(k,k")  4mngsZpO(k,k’) 0

0 0

where O(k,k’) equal to an integral operator given by
ak’ .y

O(k,k’) — D?Tl/ze—zz/dzf _2_; e—(k k )2D2/4. (47)
The Green’s function matrices have the form
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where the vector components possess a notation similar to
that of the matrix elements, the superscript referring to the
particular field coordinate and the subscript representing
the Hermite polynomial component. The vector in index
notation is written a2, Equation (38) represents an inter-
mediate step to finding a Green’s function solution to Egs.
(17)-(19). The homogeneous equations are found by set-
ting the forcing terms in Eq. (38) to zero. Setting the
determinant of the left-hand matrix to zero then yields the
normal modes of the system (the kJ*) while the homoge-
neous equation with the appropriate eigenvalues substi-
tuted in yields the corresponding eigenvectors (e,,).

To determine the Green’s function, we must find the
response at position z and spatial frequency & of our system
of equations to a disturbance initiated at z’ and k' for each
of the components of the forcing term, including the partic-
ular equation that is being driven [Egs. (17)-(19)] and the
particular order of the Hermite polynomial that is driving
the equation. Thus we search for Green’s function solu-
tions to equations of the form

2

a d ~ ~
LIEI.G‘V_(_LZE}.G7+L3.GY+L4.GY

41rn0.5'2" O(k,k")

=8(z—2")8(k—k"Y, (41)
with
1 0 0
F=|0j, P=|1|, ¥=|0|, (42)
| 0 0 1
and where the matrix operators L are given by
r—c2 0 0
L={ 0 —¢ 0|, (43)
0 0 O
0 0 —ik
L,=| O 0 0 |, (44)
| —tk2 0 0O
£ 0 0
Ly={0 stk 0 , (45)
0 0 P4k
) (46)
f
ey
Gr=|Gr|, (48)
G
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where the superscript ¢ takes on the values x, y, or z cor-
responding to the appropriate equation and G” represents
the natural response of our system of equations to an im-
pulse at-k=k’ and z=2z' appearing in the ¥ equation.
Now we allow for the expansion of our solution in

terms of Hermite polynomials and write the Green’s func--

tion given above in a way that is similar to the ansatz
developed for the electric field; namely,

N kD\ ~ o
Ger(s,kz = 2 e_k2D2/4Hn(_2_)Gg};z(s3z), (49)
with o
: 2N+1 om
Gl(s2)= 2 en(s2)[gh(sz)el ok
m=0
Y (s,2)e Hokp &', (50)

where the coefficients g}, and A}, must be determined ulti-
mately from continuity and jump conditions. Equation
(49) is then substituted into Eq. (41) and the resulting
equation dotted with a Hermite polynomial of order / to
yield

2N+1

EZZ

n=0

d2
(Aln d_ZI+BIn ;1_+Ca ) '
X (18l (5,2) e/ 50 4" LT, (s,2)e= 50 42"}

k'D
ﬁHl( ) 8a0018(z—2"), (51)
where we have used mdex notation for the matrices to
simplify the result, 475, B, and C$?, are elements of the
matrices obtained in the Appendix, and the index i repre-
sents the particular Hermite polynomial component of the
applied impulse. Because we have incorporated the eigen-
values and eigenvectors into the expression [Eq. (15)], the
Green’s function automatically satisfies Eq. (51) for z<z’
and z>z’; however, the coefﬁcients are different in each
case and w111 be designated gl , & ¥, for z>z' and g ,m ,
h?'< for z<z'. To solve for these coefficients, we require
continuity of the Green’s function across z=2z' and that the

Jjump conditions obtained by integrating Eq. (51) be 'satis-‘

fied; namely,

AN+1 -

N
2 2 2 kmeB [g;);; (s,2) eifzok:, dz"
n=0 B m=0

2’ nm

AL (s2)e Ttk ' = H (k ) Sadir (52)
In addition, causality requires that only waves propagating
in the positive (negative) z direction be allowed for z>
(<) z'; so that A}, =0 and gl,< =0. Realizing that, for the
homogeneous equations, the z-component ,coefficients of
the Green’s function are given in terms of the x coefficients
by the a=z equation in Eq. (51), we count 8(N+1)?
unknown Green’s function coefficients. Similarly, the con-
tinuity condition yields 4{N -+ 1)? unique equations while
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the jump conditions also yield 4(N+ 1)? equations. Thus
we are left with 8(WV + 1) coefficients and 8 (N+ l)2 equa-
tions from the continuity and jump conditions combined.

Given the normal modes and corresponding eigenvec-
tors together with the continuity requirement and the jump
conditions, it is possible to obtain the final form for the
Green’s function. The general solution for the fields is then
calculated by dotting the Green’s function with the source

eema o aw javbacemndioon mxraw LI o d 27 Py

l.elul auu illlcslatills OvVer K ana z'. lllub uw uClub aic

given by Eq. (35) with

2
ro

NL

s d, .
23 % e [T awn()

i=0. ¢y

([ a };:(s,k’fz’)S}'(s,z')'

\ v~

sy

B} (s2)=

N

+ fw dz' bl (s,k',z’).S'}'(s,z’)), (53)

where the S7 are the source term coefficients obtained in
the Appendix. Note that we have derived the source terms
after dividing our equations by VyBy/c so that the electric
field is now normalized to this factor.

Clearly, it is not possible to write a closed form solu-
tion for the Green’s function without limiting the number
of terms in the expansion in terms of Hermite polynomials.
In the remainder of this paper, we derive the zeroth-order
solution, which not only demonstrates the methodology for
obtaining a general Nth-order result but also illustrates
many of the very interesting aspects of wave. generation
and propagation in a two-dimensional plasma. -

C. Zeroth-order solution

The first step in obtaining the zeroth-order solution is
to determine the normal modes and the corresponding
eigenvectors. Given the results derived in the Appendix,
we.write the A, B, and C matrices of Eq. (38) to zeroth
order as

A% 0 07 & 0 0 .

A=| 0 4% 0|=|0 ¢ o0}, - (54)
0o .0 of |0 00 ’
00 O 0 0 0

B=[0 0 BY|=|0 0 —iVdmne3, (55)
00 0 0 0 0
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Co C O
C=|C G Cx
0 0 &g
2(1+B8) B, 0 ]

¢ 2z

0 0

&2
32(1+ﬁ1)+23
(56)

Setting the determinant of the single matrix given by the
parentheses on the lefi-hand side of Eq. (38) to zero yields
two eigenvalues to zeroth order; namely,

&
cl(k2>2=—(8(1+B)+—Dz)+,/%;—s“ﬁg, (57)
12 ¢ ¢
(k) =—(s2(1+3)+p)— 756>

(58)
where 8 and 3, are functions of z given by
4,n.aPe—-22/d2
= (5%9)
s
4moye—7/%
Br=—— (60)

s is the Laplace transform variable, D(d) is the 1/¢ half-
width of the plasma cloud in the x (z) direction, and op
and oy are the Pedersen and Hall conductivities, respec-
tively, defined by Eqgs. (13) and (14). The corresponding
cigenvectors for these two modes are given by

1
B B,

&/ D*+ (¢t D*) —5'B:
0 |

(61)

-

1
B 5B, 6
e=l D= V(Y DY —s*BL| (62)
0

Note that, to zeroth order, the z component of the electric
field is zero. This result will be discussed further below.
The eigenvalues obtained above for the zeroth-order
system of equations represent dispersion relations for right-
hand circularly polarized waves [Eq. (57)] and left-hand
circularly polarized waves [Eq. (58)). Plots of the corre-
sponding index of refraction squared (=c?k2/w?) for each
mode as a function of frequency o, where we have substi-
tuted iw for the Laplace transform variable s, are shown in
Figs. 3(a)-3(f) for three positions along the z dimension
of the cloud and for two cloud sizes in the x direction. In
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these figures, the index of refraction squared is normalized
to a stated value and the log of this quantity is plotted
along the ordinate. In addition, the sign of this quantity is
preserved so that values that fall below zero correspond to
evanescent, nonpropagating waves. For these particular
plots, we have chosen w,(z=0) =10w,, .= 1000, and
D=300 and 100 km. In the limit of very large plasma
clouds (¢/D<w,), the dispersion relations take on the
usual form expected for right-hand and left-hand circularly
polarized waves in a cold plasma imbedded in a back-
ground magnetic field (e.g., Krall and Trivelpiece®®). At
high frequencies, the left-hand and right-hand modes are
both dispersive but become evanescent at frequencies be-

low @)= (@./2)( \/ 1 —4—40),‘,9/2 cuze — 1) for the lefi-hand
mode and wy=(o,/2)( {1 +4w39/wce + 1) for the right-

hand mode, where w,, is the electron plasma frequency and
o, is the electron cyclotron frequency. The electron and
ion cyclotron resonances appear in the dispersion plots as
do electron and ion cyclotron waves, whistler waves, and
Alfvén waves at low frequencies. As we move to higher z in
the cloud, the plasma density decreases and we see @, and
w, shift to lower frequencies. In addition, we find that an
evanescent cutoff is introduced at low frequencies in the
vicinity of w,; as a result of the finite dimension of the
radiating plasma antenna. This effect can be understood by
first noting that the total wave number (A*=Kk2+k2) can
be found by letting D— « in Egs. (57) and (58) with the
result

k=i TTB—B, (63)
k1=i§ N (64)

The corresponding expressions for the k, components in
the zeroth-order limit are then given by

1 & 1 2
k§=[(ﬁ+i?,62)—- F—%Bﬁ] , (65)

6’2 1/2
ki=((312~fpﬁz)+\f§—:j,8§] . (66)

At certain frequencies, k, can equal and even exceed %
resulting in a negative value for A% and an evanescent elec-
tromagnetic wave. In this regime, the antenna is simply not
large enough to radiate at low frequencies. From the plots
in Figs. 3(a)-3(f) we see that the cutoff frequency in-
creases with decreasing plasma density and decreasing
plasma cloud size. In the limit of large D, k, reduces to
1/D for both modes and the antenna radiates as a smooth
aperture at high frequencies with a divergence angle of
order (tan 0p,=Kk,/k,)0p=~A/2wD. This result is consis-
tent with the approximation of geometrical optics and is
depicted in Fig. 4. Thus, in terms of wave propagation, it is
apparent that, for large-enough clouds, the zeroth Hermite
polynomial term yields a solution in which the plasma ra-
diates as a smooth aperture at high frequency and cuts off
at low frequencies. Higher-order terms should, in general,
include additional radiation effects resulting from any self-
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FIG. 3. (a)—(f) The index of refraction squared (= czki/mz) for the two eigenmodes associated with the zeroth-order solution is plotted as a function
of frequency o at three positions along the z dimension of the cloud and for two cloud dimensions in the x direction. In these figures, the index of
refraction squared is normalized to a state value and the log of this quantity is plotted along the ordinate. In addition, the sign of this quantity is preserved
so that values that fall below zero correspond to evanescent, nonpropagating waves. For these particular plots we have chosen @, (z=0) =100,
©,=1000, and D=300 km [(a)-(c)] and 100 km {(e)—(£)]. In the limit of very large plasma clouds (¢/ D<), the dispersion relations take on the
usual form expected for right-hand and left-hand circularly polarized waves in a cold plasma imbedded in a background magnetic field. At high
frequencies, the left-hand and right-hand modes are both dispersive but become evanescent at frequencies below o {=1/20,[(1 +4w§e/wf.,) —1]} for the
left-hand mode and w,{=1/20.[(1 +4co§,/w§e) + 17} for the right-hand mode. The electron and ion cyclotron resonances appear in the dispersion plots
as do electron and ion cyclotron waves, whistler waves, and Alfvén waves at low frequencies. As we move to higher z in the cloud, the plasma density
decreases and we see @, and o, shift to lower frequencies. In addition, an evanescent cutoff is introduced at low frequencies in the vicinity of @, as a
result of the finite dimension of the radiating plasma antenna.

consistent roughness that might develop in the x direction. throughout the low-frequency (& <®,,) regime in the cen-
We note that, at low frequencies (o <o), the vacuum tral part of the plasma (i.e., at sufficiently high densities).
wavelength of the wave approaches and can even exceed  As aresult, the dielectric wavelength is much smaller than
the dimensions of the plasma. However, as seen in Figs. the plasma dimensions and the assumptions of geometrical
3(a)-3(f), the dielectric constant is large compared to one optics remain valid. As the plasma density decreases, the
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FIG. 4. In the limit of geometrical optics, the plasma radiates as a smooth
aperture into a cone with angular divergence of 26, where 6 is approxi-
mately equal o A/27.D for large clouds. In this figure, the plasma cloud
is depicted as shaded contours that represent the Gaussian plasma density
profile and is moving out of the page. The angular spread of the radiation
field is shown schematically.

dielectric wavelength approaches the vacuum wavelength
and our solution starts to fail at low frequencies. The fail-
ure of our solution in this regime is contained in the eigen-
vectors, which are discussed in detail below.

The eigenvectors also contain interesting information
about the nature of the zeroth-order solution. First is the
fact that the z component of the electric field is zero. If one
considers the picture shown in Fig. 5, it is apparent that

FIG. 5. The charge separation produced in the x direction by the Lorentz
force resulis in a polarization field that closes on itself with a fringing field
that has components in the z direction that are asymmetric as a function
of x. As in Fig, 4, the plasma cloud is depicted as shaded contours that
represent the Gaussian plasma density profile and is moving out of the
page. The fringing field associated with polarization of the plasma is
shown schematically.
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the charge separation produced in the x direction by the
Lorenz force results in a polarization field that closes on
itself with a fringing field that has componenis in the z
direction that are asymmetric as a function of x. Because
the zeroth-order solution is defined in terms of even func-
tions of %, the inverse Fourier transform is even in x, and
therefore to this order the z electric field is zero. Second, it
can be shown (numerically) that k2(s*) = —[k!(s)}* and
e(s*) = — [e;(s5)]*. These two conditions together guar-
antee that our final solution will satisfy causality [written
as E*(s%) =E (5)] but are also consistent with the fact that
a negatively propagating right-hand polarization wave
looks like a positively propagating left-hand polarization
wave. Third, we find that the eigenvectors are functions of
z. In order to be consistent with the approximation of geo-
metrical optics, it is necessary that these coefficients vary
slowly compared to the vacuum wavelength of waves gen-
erated by the plasma. To examine the consistency of this
approximation, we have plotted in Figs. 6(a)-6(f) the y
component of the eigenvectors as a function of z for various
frequencies. In all cases, we find that these coefficients are
constant over a large part of the cloud but that the approx-
imation begins to break down at the edge of the plasma, as
noted previously.

The zeroth-order Green’s function is derived based on
the procedure outlined in Sec. ITI B with the result

_ Hy(k'D/2)
0 = (2\/m/ D)

((CZ/DZ+ DB i d) (67)

4k7 \c*/ D' —s*B;

& =_H(,(k’D/Z) ) B, ,f ¥, de
O (2 w/D)* \4k? \/c“/D“-—s",Bz

(68)

where # takes on the values 0 and 1 and where the 4 3~ and

4~ are identical to their corresponding g counterparts

(with > replaced by <) except for a minus sign in the

exponential. The final solution for the normalized (to

VoBy/c) electric field is then obtained from Egs. (35) and
(53) and is given by

if :,kg,, dz"

E(s,x,2) =e"‘z/D2(

z g
f dz’ —lepao(s,2")e
tegaty(s,2) el vk 4 )

* s L2 ”
+e“"2/92( f dz' ?[eoao(s,z')e“‘fz'":" &
Zz

teia (2 Ve ok d] ) (69)
where the coefficients a, and «, are defined as
SEA+B(/ Dot &/ D —5'B)
o= 4ik), et/ D* —5*B; ’ (70)
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FIG. 6. The y component of the two eigenvectors is plotted as a function of normalized distance z/d for three frequencies [a;=20wce (a); m%wce (b);
and »=0.008750,, (c)] and for the two cloud dimensions in the x direction [D=300 km (a)-(c) and D= 100 km (d)-(f)].

_823§+B (/ D*+ |*/ D*—5'B)

4K,/ D* —5'B; (7

291
and where we have performed the inverse Fourier trans-
form in x. .

From Eq. (69), it is apparent that the solution for the
fields at position z and for a given frequency s is determined
by computing the contribution that left-hand and right-
hand polarization waves launched at each position z’ make
to the amplitude at z and summing over all z’. The contri-
bution of z of the waves generated at z’ is given by a local
frequency- and position-dependent amplitude times the ex-
ponential of the accumulated phase change of the wave

1301 Phys. Fluids B, Vol. 5, No. 4, April 1993

between z and z’, in a way that is consistent with geomet-
rical optics. The denominator inside the z’ integral has
zeros at the electron and ion cyclotron frequencies and at
frequencies where k, goes to zero. These frequencies cor-
respond to the natural modes of oscillation of the plasma.
When £, is set equal to zero, the wave equations (17)—-(19)
collapse to a set of equations that describe the /ocal forma-
tion of a polarization field (driven by the Lorentz force) in
the x direction and that include a coupling to an induction
field in the y direction, permitted by the spatial variations
in x leading to a d B,/dx and by the presence of currents in
the y direction. Thus, by taking k, equal to zero, we define
the local amplitude of the currents that are driven by the
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Lorentz force and their natural modes of oscillation.
Clearly, the dominant contribution to the integral comes
from these modes and the solution is therefore character-

ized by waves that are launched at the corresponding fre-
anencies and that propagate through the plasma in a way

LRLILICs a8 kAl PAUpQpail LIV LE Wil piasilia ikl d yway

consistent with geometrical optics. To obtain the time-
dependent evolution of the plasma cloud it is necessary to
perform the inverse Laplace transform of Eq. (69). The
inverse transform has been calculated numerically for var-
ious plasma parameters and the results are described in a
companion publication.

IV. SUMMARY

The early-time ( <100 ion gyroperiods) evolution of
plasmas moving across a background magnetic field has
been addressed with a two-dimensional mode! in which a
plasma cloud is assumed to have formed instantaneously
with a velocity ¥V across a uniform background magnetic
field and with a Gaussian density profile in the two dimen-
sions perpendicular to the direction of motion. This model
treats both the early-time dynamics associated with the
formation of the polarization field and the generation and
propagation of electromagnetic waves. Several approxima-
tions are made in our description of the plasma dynamics
and our treatment of the propagation of electromagnetic
waves. First, the plasma is assumed to have a Maxwellian
velocity distribution function and only the moments of the
distribution function (density, mean velocity, and temper-
ature) are evolved in time (by means of the fluid equa-
tions). As a result, we do not include the effects of kinetic
instabilities or resonant wave—particle interactions. Second,
the plasma dimensions are assumned to be much larger than
an ion gyroradius and we therefore ignore the additional
current systems and corresponding electromagnetic radia-
tion that arise in connection with momentum and energy
transport processes driven by density, velocity, and tem-
perature gradients. Third, the production rate of additional
plasma and plasma momentum resulting, for example,
from photoionization of neutrals that are moving across
the magnetic field is assumed to be small compared to an
ion gyrofrequency. This effect can therefore be neglected
over time scales small compared to an ion gyroperiod,
however, in treating the self-consistent evolution of the
plasma and the radiation field over longer time scales it is
important to include it. Fourth, the initial dimensions of
the plasma are assumed to evolve in time in a way that is
consistent with the neglect of pressure and velocity gradi-
ents. In general, this effect can be omitted over short time
scales, however, plasma dimensions are observed to change
over longer time scales (e.g., in active experiments) and, as
in the case of plasma production, this effect must be in-
cluded in order to treat the self-consistent evolution of the
plasma and the radiation field over the longer times of
interest. Fifth, the plasma is assumed to be collisionless.
Sixth, the effects of a background plasma are omitted. De-
pending on its density relative to that of the plasma cloud,
the background plasma can both neutralize the polariza-
tion field and affect the propagation of electromagnetic ra-
diation launched by the cloud. It will be important to in-
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clude the background in future studies. Seventh, the
dimensions of the plasma cloud are assumed to be large
compared to the vacuum wavelength or dielectric wave-
length of radiation launched during the early phases of
evolution of the plasma. This approximation allows us to
treat the propagation of electromagnetic radiation in the
limit of geometrical optics. In addition, because the pri-
mary source of radiation is the oscillating polarization field
perpendicular to the magnetic field and because the plasma
dimensions are large, the electromagnetic waves propagate
primarily along the magnetic field. This fact allows for an
expansion of the fields in terms of Hermite polynomials,
which as the order of the expansion increases, incorporates
additional effects associated with smalil and smaller-scale
structures in the direction of the polarization field.

With these approximations we were able to obtain an
analytic solution to the two-dimensional, coupled fluid
[Egs. (7)—(9)] and Maxwell’s equations [Eq. (20)]. A
Fourier transform taken in one spatial dimension and a
Laplace transform in time yields a set of integrodifferential
equations [Eqs. (17)-(19) and Eq. (23)] for the electro-
magnetic fields. These equations are then converted to a
coupled set of second-order, ordinary differential equations
by expanding the fields in terms of Hermite polynomials
[see the ansatz Eqgs. (35) and (46)] and making use of the
orthogonality condition. The Green’s function technique is
then used together with a specification of the initial condi-
tions for the plasma and field quantities and their temporal
derivatives over all space to find the final solution. While
the procedure for obtaining the solution to any order in the
Hermite polynomial expansion is provided, a general solu-
tion cannot be written explicitly. Instead, the specific solu-
tion for the zeroth-order term in the Hermite polynomial
expansion is derived. In general, the results indicate that,
to zeroth order, the plasma cloud behaves like a large di-
pole antenna oriented in the direction of the polarization
field which is set up by the initial cross-field motion of the
electrons and ions and which oscillates at frequencies de-
fined by the normal modes of the system; namely, where
the z wave number (eigenvalue) vanishes. These frequen-
cies are density dependent and are highest in the center of
the plasma cloud. The high-frequency electromagnetic ra-
diation emitted by the corresponding current systems prop-
agate through the cloud, interacting with the intervening
plasma, and eventually into vacuum. At low frequencies,
the dipole antenna is too small to radiate, and this radia-
tion becomes trapped inside the plasma. The magnitude of
the radiation field and the amount of plasma momentum
and energy carried away by and stored instantaneously in
the fields depends on the relative magnitude of certain
plasma parameters. These issues will be addressed in a
companion paper where results for specific cloud parame-
ters are presented and where scaling laws for the magni-
tude of the fields and the slowing down of the plasma cloud
are derived.

The present analysis has direct application to the cross-
field motion of plasmas in experiments where the back-
ground plasma density is small compared to the cloud den-
sity and where the cloud dynamic B is small (e.g.,
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magnetospheric chemical releases). The general applica-
tion to active experiments and to space and astrophysical
plasmas, however, will necessitate the inclusion of addi-
tional effects. First, the Hermite polynomial expansion will
have to be taken to first order so that the z electric field can
be determined. Second, the effects of a background plasma
will have to be included. Third, plasma density and mo-
mentum production (as obtained, for example, in active
experiments) will have to be modeled in order to treat the
late time evolution of the plasma and electromagnetic ra-
diation self-consistency. Finally, expansion of the plasma
dimensions with time (also obtained in active experiments)
can also affect the self-consistent evolution of the plasma
and radiation fields over long time scales. These issues will
be addressed in future publications.
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APPENDIX: DERIVATION OF MATRIX ELEMENTS

Equation (38) was obtained by substituting the ansatz
Eq. (35) into the electromagnetic wave equations, Egs.
(17)—(19), and dotting the resulting equations with a Her-
mite polynomial of order /. The dot product referred to
here and in the text between the Hermite polynomial and a
given function W (k) is defined as

HyWk) = f dk H (k)W (k)e=". (A1)
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where the results for these integrals were taken from Grad-
shteyn and Ryzhik?® (pp. 837-839). With these results, the
matrix elements are readily found to be

172 .
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In deriving the matrix elements for the matrices A, B, and ) A=Ay D? 218, (A6)
C with the procedure outlined above, it is necessary to . - s o o am :
perform certain integrals over k; namely, A=A = A=Ay =A7 =A7=A[;=0, (A7) -
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Similarly, the vector elements of the source term S dotted where we have obtained these results after division of our
with & t;e come equations by V,By/c so that the source terms presented
! ’ here are normalized to this factor.
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